
Definotion ofLieigebraa

Def . Let R be afield, and lot A be avecorspace over Kequipped with mmluplication
: AXA→AsuckthatAi isaa ring, then wesayA isa 1 -algebra if Fxiy.zEA , Rak
I3 x)Z= xzey-z 2) E (xty) =ZAtzY
33 xy=xy 3= x Y 3KCR
Ia pasticaular, of iscomuntativeLassociatives, wesay is acommitatiA
cassociatives -algebra

Ex
.

MatuCf3 .
is an associativef -algebraA

I G = { ag:kgLEG
- oulyfinitely eanygt 0}A=

Cover ]

Def. ALiealgebraisa vectorspace g with a hie

bracket map gxg →g , written ( X.Y 1 → ƩX .y3 ,Satisfying

I) the Lie brackel is bilinear ,
2) the Lie brackel is sew-symmebtic.[xyJ=-Iy,x 3

,Dxiyag
33 the Lie Brackot satisfies the Jacobi identity , ia. fx , y ,z 0g
[?πy.z] } +[ s ,Ʃ☆,x] ] +Ʃ a

,[xy]] =0

EX
.

I
-

gla = Matu CA] with Lie bracket [xiyJ = xy-Yx .

I⇒ [a1g]= xy-Yx= - (gx-xy] = - [Y,x]

27 Taxtby ,23 = axbys z - z(axtby) = axzzx)t b (gz-zg)
= a [xt}← b[ y,≈]

33xy] +[ Y ,ƩEx]] + [E ,[xy]了
= A(Yz-zy) - CYE-EYSXT YZx-L-LEx-XEY+Z ( xY-Yx)- ixY-Yx

⾆
.

” . ☆ 芯 …
□

⼆ O

2 sla = {xcMataC¢) : trx=o } Lietrackel is denoted bytxy]= xy-yx

30son = {xEMatuCC) : x
:
- x}hiebrackelIx3=xy-yxdenotedby



40 glos= { Ghear trausformatiins of V }Liebracketis denoted y[xy3=xyyx
“

EndcO)

PropI .Any associativeA -algebra A becomes aLiealgebra ofwe e
the commutatory -44 as the Lie bracket ,

. lz

2 = { xε rMa=C¢) : trx=0} , dal :abicaal
= span{ Cir

-
er

, lin , ln }
Danoleeiae, a=

,
ai-erth 巨 .] e f h

slr = 8pan { e , f , h} , e 0 h 些

e ,fJ= @ 1-@ Gz= G,-rch
50h 对

h e of
Ia .h 了 =en(a-2 ]--i)irl-eir = -ze
[f, h] = eri(ea -en ) -(ea -Gr )l = n, +a =2f

Def . ALre ubalgebc os a sutbspace" a ealgebrag 5 thatis
closd andertheLiebracket,i .thotsatisties,yo ,Ixy3 Gb¢

slais aLie Sbsalgeba of gl

Bef . If gandg are Liedgebras , ahomomorphism S :g →
g
is a lnearmap

ar

such theol S([xcy3] = [Qox) , Yy'] fxug. Inparticatar , 95 somophism
of it is bigeolire ,



Representabns of LieAlgebra

Def . Arepresentolion of aLrealgebra gis aLve dgebra homonorphosm 9:

g→gleus ,where Vis avetorspace and gleol denotes the
Lie algebra of lomear

transformatoysofo . The dmensonofi 9 sbydimtenoted

Ex .2 )v = gtxg , yoV defiseisc [xyy3 ie.Gix-x0et.

ad[x,x}(g)= [x,x] , Y][ = [x, τy ,x]] + [x,Gy]
]

adialliade Jiys
-

adcradaiy -adxalxiy= [ xa,[xuy7 ]-[ xExnyJ]

ad is calledadjooutreprescutationofg
Iu porticular ,V :g=s. ,

Takebasisse, f ,个 ,

adesles= [ e,e 3= 0allesaf ,=[ e,f ]=h aallaschs =ze
ad(fs Ce3 = If ,e3 =h adifscf) =0 adcfsch3=2f
alchs [e>= Ʃh,e] =a adch3 (

f

)= - 2f dchch3 = 0

adie) =∵ : : ) ,lef =( ∴ ) adch=βa
.
)1

2) V= 6r, g= sk .
Exe2

,
VE63 ,( )0 x0

QCExY]JV =Ix. Y 30= xy0-yxV= S),y 'y

Def. Lotg be a Liealgebra ,Ag modulesa veoorspace Vequipped with a
bilinear map gXV

→V :CxV)→ xv, called theg -aetion ,whichis
assmed tosalisfyIxiyJ 0 =xgu)- GLxu )Ex, yEg .UEV

Prop2 . 8:g →GIUl) os

arep ofg ifand only if Visag -module

of . Assume that S:gsGLLU) is a repofg . We can define atilineas ap
g×V→V: ( x, 2)→ UxC 0). Siace xYSV=fcxigIv-QxN , Qy'J O) CS



- 4xY9
s-fiyifxso: C )xyV -Yx)

Conversely ,ifthereis ag-actibngXV→ V:(x. 03xo

wecanl defne a linearmap .g →glivs . =x →fo :vsxoby
φ(τa(φ]] (0) = [xy) 0= xy-

y(ar) = s φy( us
- φx)φy)c)= ) ,φ》 )

pef .Lot U, Wbeg -modules , Amodale homomophism or g
-limer

map
from Vto W is a linar

map G . U→ W suchthatx9u , =S1x4
, txog

If S is bijectrve, we say Visizomorpticto Wand Sis aisocoplidssm .

Def Lot Ubea
g-module ,Agrsutmodute or an invaneut subspaceisasubspad

WEV such that xWEW , t4og
ef. hotU bea g -modue, ifVhas nosubmoduleexepttrivialthesubndulesandwo}

wesay Vis irreducible on simple, ifVdoshavea Montrivial Sabmodule , we sag⼀

Vis reducile.
If

V an be ootbon as a direot sutm of ieduible
…

module
,
we say V is sewople orcompbotelyredescible ,

~

Rnk
. g

-module dimension I is reducibleofny

8 : g →glcus N g
-module

suprep ψ : g→gliws ⾔ g srobmodule W

mreduible ep 9 :g-gll imeducible g-module V

complocely reducible rep. 9-9,④.④4n complobely reducible gmoduke U= V. ④EG
-④Q

(



The heoryofimodules

. la- Module
Thm .Every o-module is complobelyeducible.

Eoample . I. C is an o-module , x
. C = 0 txtslr , C64 .

C is suplefordim¢=I .
,
ad : siglisl) 3 s2 is aslnmocdute

fxask , yEs, Txyxiy
We claim sr is a mphestirmodulk .

If Vfas , Vcts a submodule, theve is aietasfeashol xt0

I
0 Q3=1 , ex = aaeiftasih,f]= ack-2asf ,

h (ex)= -a3 h,f = 4asf
ehex=) 4 A3,f3=4a3h→h εV→V=z

a3=0 .x =aetaaf
hx = a. [h,e了 + Qa[h,f] = 2a,e -2Gaf
2xthx= 4a.e a-hx4ftor #0

,

⇒ eaV or fEV → V=2

. G
2
ds a san-

modube

,
x
0= xvemuler, ofmatrices

We claim that 12 is a simple sk-module .

(+ (婚 ) = ()

10 11%= ( %) ⇒ if (]ε V ,( 1( 8)
,
(k

) , 18 )V

( 9 % ) (话 ) = ()⇒
has no nontriilsubmodute

4. geisan si-module , xv=x,Vx6k,vEglz
x.V=[x, 0] xU-XG8 EsMa址CXV- 收=0

σ

o S MCIz=} ε①I2 G 8h
gle= slt4 Izavecterapaeo 1 d则 =3othse and 4Izareredaible modnks
So glr=adIras grmvduk



gls is ansl-module tvogls ,xa 8 k ,xv
=

x
.0

( 0 :Hi
|- ↑: 1 l

'
d =1 … ……
10 ( ±i 1 ± 1 %%)g93 =( 号 。 ) ④

(¢] 30 ) 9 (*
≡ I24 CI④ C -

G

¢ 244 tt -mdulesy
x. ( % 0

) = ( 8 x…
∵) ,

→ (
0% % ) ≡¢=( ≡1 号

% ) )
Given an arbitrary sl-module . V .

V= V,oEe . h , Viis irm

≡ AxWI D aW2 ④ " ④ Amonan , Wo}is thesetof irreducible ,

sla-modube aEIN,lintheserseof
soncorphdsm)

.
Fnd allWi

-

-@laalatedi

Classification of irredueibles .

Lot Vbe an sls-module,hr: V→ V: U→ hoIleftscalear muler)
φ: E→g [ ( U) , ho= Qch)

Def . For atd, the a-eiguspace of ho is written Va and calledtheweght⼀ ,

space ofweig and any a
-

eiguvector is calledweightvector of oeighta
The eigoalueofishrcalledthe weights of V,

Prop3 . Forany ab
4
, wehaveeVaEVatr ,fVa EVaz

of . HOEVa , ho = av
.

evh =( ) Ih , e]vtachv) = evtaev =a(ev ) ⇒evr
,a⼀⼯

Kcfu) = [h ,f3 v+ fchvs - 2fvt afrasf→ fVoas



Def. A werghtvectorvsuch thater=oos called
1 eo

a hhast -weightvectos v
λ

leRmk
. Amy nonzen slomodole U contans a highest-weight rector 「 Oaez⼯ho is a linear map VsU

. to has an eignspace ofsome eignoalue ∴
say a.Sonceho hasonly fmite manyguvalues there 彦 ∵exist IEIN suchthatVatz}=

,

andVata⼝ = {} ,

。
。

Prop4. Let V be an stimodube and suppose wo oV is a highest
weight reotor.of weight m

.Then
,

te
θ

If we defive wi={fwilizI ,,thenewi=(m-i +1 ) WiEi ω。

ME (N
.

2) ←Vims- span{ wo, W' , , wm} isireduciblesubmods

f.
3
IWt = xI)Wie1 1

We caimthateoi = (M-it1)Wir , Vi≥I . 旭

ewefWo= [e,f3 wo + f(ew.3 = hwo =mω. 氵

By induotlon ,ewi= efwi-1 = { [e,f]Wi+ tiflewot3 丁ft⼆堂 hwiy +{mit2)fW0z 步
= {(m☆3Wθ1+{ (M-i+)训WEL

⼯。mzute
= (m-i÷1)WEl 0

Sinceho hasfinitely Manyeignvalves,therexist于ow; sihw -t0andwsr=o

∞=elωgtl =(-J 3Wj ②m=j
3 smee abasis ofs ., fxa8k,xumiVimfin; thisis

Vims is a subrcodale
.

.UEUs is aubmoaluleofof,tetAs
N
=Ʃ MiG,GU

letk isthe maximalindex withActo ,

e
'
V=aiekwi= dceω=b.<Wo, bk =: Qx .



Thus WoEU .
→

Wo ,W , '-
-

, WMEU .→ U= VIMJ

Wo highest-wghrvietos Prop 5
.Evergin sk-moduleisisoophice

of reigot rm ∅ Vcrms

=
e Uiu) ,

where ror= dimV -1 .

型 吉 of. Firstly ,we daim that Vhas a highest werght
↑m

a rector
. ho has aeigntor w , ho3 =aw .的

:⼀
↑ ↓ ⼵
旭my am-4

wela
.
ewoVatrk1 I followsthot e☆ :k0,eto}

: are linearly ndependent.Thereare V,s

πm2
z-m

e
"wt0 & enw= 0. Thene "

woVatznisthe
↓

!1

Q

m-2

⼀ 1
{ wo, wi, - ,GWn }EV , 3Vms is a saborodube

ωma-m
,I hrghest weight wector ,

占 woEV the highestvectorbe ,
than

of V. Tlhus ,VCus =V

dimfims = mel ② M= dimV- I

.Formolr,defme Sm as a veetor space ofhomogeneouspolynodsp of
degree om in two ndeternminatesx andy,Detine
e= x录 , 叫最, h= x录⼀ Y录 ,

Then Sm is a sto-module
,

and SM ≈ Vims xmtyh( )=x杂 (九等 )
0. f亩 Gωo Ifetwo fiws………… 乐学cxglg
xm x

uS µuly … xy y a basis of sm ,

= exmty- xmly↑ ” λ β

的 Vu-z Umer fm =xrty
Thus , Xn is highest weight rector with wedght m .


